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a b s t r a c t
Let G be a plane graph of girth at least 4. Two cycles of G are intersecting if they have at
least one vertex in common. In this paper, we show that if a plane graph G has neither
intersecting 4-cycles nor a 5-cycle intersecting with any 4-cycle, then G is 3-choosable,
which extends one of Thomassen’s results [C. Thomassen, 3-list-coloring planar graphs of
girth 5, J. Combin. Theory Ser. B 64 (1995) 101–107].
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph and let L(w) a set of allowed colors for each vertex w of G. A list coloring of a graph G is a proper
vertex coloring c such that c(w) ∈ L(w) for every vertex w. G is k-choosable if G has a list coloring for each list assignment
with k colors in each list. A list coloring was introduced by Erdős, Rubin and Taylor [4] and Vizing [17], respectively. Alon
and Tarsi [2] proved that every bipartite planar graph is 3-choosable. Thomassen [13] showed that every planar graph is
5-choosable. Voigt [18] presented an example of a planar graph which is not 4-choosable. For the literature of list coloring
problems, more results can be found in [9–12,16] and others.
Grötzsch [6] proved a classical theorem that every planar graph of girth at least 4 is 3-colorable. Thomassen [14,15]
considered a list coloring version of Grötzch’s theorem and proved the following theorem.
Theorem 1.1. Every planar graph of girth at least 5 is 3-choosable.
Let G be a plane graph. Two cycles of G are intersecting if they have at least one vertex in common. We define a class of
plane graphs as follows. G ∈ G if and only if each of the following holds: (1) G is a plane graph of girth at least 4; (2) G has
no intersecting 4-cycles; and (3) G has no a 5-cycle intersecting with any 4-cycle.
Grötzsch’s theorem was later sharped by Grünbaum [7] and Aksionov [1], who proved that every planar graph with
at most 3 triangles is still 3-colorable. The planar graphs given by Gutner [8], Glebov, Kostochka and Tashkinov [5] and
Voigt [19] have of girth at least 4 and are proved to be not 3-choosable. These results motivate us to consider to generalize
Theorem 1.1 as follows.
Theorem 1.2. If G ∈ G, then G is 3-choosable.
We end this section with some important terminology. Other definitions are from [3]. Graphs are finite, undirected,
loopless and without multiple edges. In a plane graph G, the unique unbounded face is called the outer face. The subgraph
of G induced by the vertices incident with the outer face is called the outer face boundary. Note that the outer face boundary
may be not a cycle. If G is 2-connected, the outer face boundary is a cycle. In this case, we call it the outer cycle. If C is a cycle
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in a plane graph, then denote by int(C) the set of vertices and edges inside (but not on) C . If int(C) = ∅, C is said to be a facial
cycle. Denote by int(C) the subgraph induced by the vertices inside C and the vertices on C . A cycle C of G is a separating
cycle if there exist at least a vertex inside of C and at least a vertex outside of G as well.
A coloring of a graph G is a mapping c from V (G) to the set of colors {1, 2, . . . , k} for some positive integer k. A coloring
is called proper if c(x) 6= c(y) for every edge xy of G. A n-path or n-cycle is a path or cycle of length n, respectively. The girth
of a graph is the length of a shortest cycle. For X ⊆ V (G), denote by G[X] and G − X the subgraphs of G induced by X and
V (G)− X , respectively. If X = {z}, we write G− z instead of G− X .
2. The proof of main theorem
This section is devoted to proving Theorem 1.2. To get our goal, we prove a stronger theorem as follows.
Theorem 2.1. Let G ∈ G be a connected plane graph. Let A be a subset of vertices on the outer face boundary of G. Assume that
L is a color assignment such that |L(w)| ≥ 2 for each vertex w ∈ V (G) and |L(w)| ≥ 3 for each vertex w ∈ V (G) − A. Assume
further that each of the following holds.
(A1)G[A] has atmost one edge. If G[A] has an edge xy, then G has no 2-path from x to any vertex of A (theremay have a 2-path
from y to a vertex of A).
Let u and v be any two adjacent vertices of G which are incident to the outer face of G such that
(A2) if G[A] contains an edge xy, then none of u and v is adjacent to x.
If u and v are pre-colored as c(u) ∈ L(u) and c(v) ∈ L(v) such that c(u) 6= c(v), then c|{u,v} can be extended to a list coloring
of G.
Remark. (1) In Theorem 2.1, when G[A] contains an edge xy, we first choose a pair of adjacent vertices u and v on the outer
face boundary of G such that none of u and v is adjacent to x and then color u and v. Theorem 2.1 tells us that the coloring
of u and v can be extended to a list coloring of the whole graph G. It is easy to see that such a pair of u and v satisfying (A2)
exists. In our theorem, it is not required that for each pair of adjacent vertices a and b on the outer face boundary of G, none
of a and b is adjacent to x. For this reason, u, v, x and y are always the same vertices stated in Theorem 2.1 in the rest of this
paper.
(2) (A2) cannot be relax. Assume thatG is just a 4-cycle x1x2x3x4x1. Let A = {x3, x4}with L(x3) = {1, 3} and L(x4) = {2, 3}.
If x1 and x2 are pre-colored as c(x2) = 1 and c(x1) = 2, then c cannot be extended to a list coloring of G.
(3) In Theorem 2.1, if A∩ {u, v} 6= ∅, then take A′ = A− {u, v}. It is easy to see that Theorem 2.1 holds for G and A if and
only if Theorem 2.1 holds for G and A′. Thus, we assume that A ∩ {u, v} = ∅.
Suppose that L is an assignment for a graph G such that |L(w)| ≥ l(w) for each vertexw ∈ V (G), where l(w) is a positive
integer determined by w. Let L′ denote an assignment for G such that L′(w) ⊆ L(w) and |L′(w)| = l(w) for every vertex
w ∈ V (G). Obviously,G has a list coloringwith the list assignment L if and only ifG has a list coloringwith the list assignment
L′. Thus, we only need to prove the case that |L(w)| = 2 for each vertexw ∈ A and |L(w)| = 3 for each vertexw ∈ V (G)− A
in the proof of Theorem 2.1. In order to prove Theorem 2.1, we need some lemmas.
Lemma 2.2 ([4]). Every cycle of even length is 2-choosable.
For simplicity, the following lemmas have the same hypotheses of Theorem 2.1 with an additional assumption that G is a
counterexample to Theorem 2.1 and |V (G)| is minimized; that is, there exist a subset A of vertices and two adjacent vertices
u and v of G, where A ∩ {u, v} = ∅, on the outer face boundary satisfying (A1) and (A2) such that a pre-coloring c defined
only on the set {u, v}with c(u) ∈ L(u), c(v) ∈ L(v) and c(u) 6= c(v) cannot be extended to a list coloring of G.
Our basic reductions are proved from Lemma 2.3 to Lemma 2.7, which are useful in the proofs in the rest of this paper. It
is easy to see that our theorem holds when |V (G)| ≤ 5 and hence we assume that |V (G)| ≥ 6.
Lemma 2.3. κ(G) ≥ 2. Moreover, if z ∈ V (G)− A and z 6∈ {u, v}, then dG(z) ≥ 3.
Proof. If G is not 2-connected, then let w1 be a cut vertex. Thus, there exist two subgraphs G1 and G2 such that V (G1) ∩
V (G2) = {w1} and E(G1) ∪ E(G2) = E(G). We assume, without loss of generality, that uv ∈ E(G1). Let A1 = A ∩ V (G1).
Clearly, G1 and A1 satisfy the hypotheses of Theorem 2.1. By the minimality of G, c|{u,v} can be extended to a list coloring c1
of G1.
Let w2 be a neighbor of w1 on the outer face boundary of G2. We color w2 with color c(w2) ∈ L(w2) such that
c(w1) 6= c(w2). Let A2 = A ∩ V (G2)− {w1, w2}. By the minimality of G, c1|{w1,w2} can be then extended to a list coloring c2
of G2. Utilizing c1 and c2, we obtain a required list coloring of G, a contradiction.
Suppose, to the contrary, that there is z0 ∈ V (G) − A such that z0 6∈ {u, v} and d(z0) = 2. Let G1 = G − z0. Denote
N(z0) = {z1, z2}. By the minimality of G, c|{u,v} can be extended to a list coloring of G1. We then color z0 with color
c(z0) ∈ L(z0)− {c(z1), c(z2)}. Thus, we have a list coloring of G. This contradiction proves our lemma. 
By Lemma 2.3, G is 2-connected and G is not an n-cycle for n ≥ 4. Let C = x1x2 · · · xmx1 be the outer cycle of G and let
u = x1 and v = x2. If G[A] has an edge xy, then by (A2) we can assume that y = xi, x = xi+1, where 3 ≤ i ≤ m− 2.
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Lemma 2.4. If the outer cycle C has a chord u′v′, where u′ = xs, v′ = xt and s < t, then G[A] has an edge xy with v′ = xi+2.
Proof. Suppose, to the contrary, that one of the following holds: (1) G[A] has no edge; (2) G[A] has an edge xy but v′ 6= xi+2.
Let C1 = xs−1xsxtxt+1 · · · xmx1x2 · · · xs−2xs−1 and C2 = xsxs+1 · · · xt−1xtxs. Define Gi = int(Ci), where i = 1, 2. Then
uv ∈ E(G1). Let A1 = A ∩ V (G1). By the minimality of G, we can extend c|{u,v} to a list coloring c1 of G1. Define
A2 = A ∩ V (G2) − {u′, v′}. For each case, (A1) and (A2) hold for G2 and A2; that is, G2 and A2 satisfy the hypotheses of
Theorem 2.1. By the minimality of G, c1|{u′,v′} can be then extended to a list coloring c2 of G2. Combining c1 and c2, we get a
required list coloring of G, a contradiction. 
Roughly speaking, G1 and G2 are obtained from G by separating the chord u′v′ in the proof of Lemma 2.4. We will use
the similar technique to define G1 and G2 in the proofs of Lemmas 2.5 and 2.6 by changing chord u′v′ to a 2-path u′v′w or a
3-pathw1u′v′w2.
Lemma 2.5. Suppose that G has a 2-path u′v′w, where v′ ∈ V (G) − V (C), u′ = xt ∈ V (C) and w = xs ∈ A. Then one of the
following holds:
(i) if s > t, then G[A] has an edge xy with x = w; or
(ii) if s < t, then G[A] has an edge xy with u′ = xi+2.
Proof. We only prove Case (i) here and the proof for case (ii) is similar. By contradiction, suppose that one of the following
holds: (1) G[A] has no edge; (2) G[A] has an edge xywithw 6= x = xi+1.
Let C1 be the cycle in C ∪ {u′v′w} containing uv and u′v′w and let C2 be the cycle in C ∪ {u′v′w} containing u′v′w but not
uv, where C is the outer cycle. Define Gi = int(Ci), where i = 1, 2. Then uv ∈ E(G1). Let A1 = A ∩ V (G1). Clearly, G1 and A1
satisfy the hypotheses of Theorem 2.1. By the minimality of G, c|{u,v} can be extended to a list coloring c1 of G1.
Let P1 = xtxt+1 · · · xs and P2 = xsxs+1 · · · xmx1x2 · · · xt . Define A2 = A ∩ V (G2)− {u′}. If either (1) holds or G[A] contains
an edge xy which is in P2, then G2[A2] has no edge. Thus, G[A] has an edge xy which is in P1. By (A1), s ≥ i+ 4 or s = i+ 1.
When s = i+ 1 (that isw = x), by (A1) u′ 6∈ A. By (2), s ≥ i+ 4. In this case, v′ is not adjacent to x, for otherwise G contains
a 2-path xv′w. By the condition (A1),w 6∈ A, a contradiction. Thus, (A1) and (A2) hold for G2 and A2; that is, G2 and A2 satisfy
the hypotheses of Theorem 2.1. We replace L(w) by {c1(v′), c1(w)}. By the minimality of G, c1|{u′,v′} can be extended to a list
coloring c2 of G2. It follows that w gets the color c2(w) = c1(w). Using c1 and c2, we obtain a required list coloring of G, a
contradiction. 
Lemma 2.6. Suppose that G has a 3-path w1u′v′w2 with w1 = xt , w2 = xs ∈ A, s > t and u′, v′ ∈ V (G) − V (C). Then G[A]
has an edge xy withw2 = xi+1.
Proof. By contradiction, suppose that one of the following holds: (1)G[A] has no edge; (2)G[A] has an edge xy butw2 6= xi+1.
Let C1 = xtu′v′xsxs+1 · · · xmx1x2 · · · xt and C2 = xtu′v′xsxs−1 · · · xt+1xt . Define G = int(Ci), where i = 1, 2. Then
uv ∈ E(G1). Let A1 = A∩ V (G1). Clearly, G1 and A1 satisfy the hypotheses of Theorem 2.1. By the minimality of G, c|{u,v} can
be extended to a list coloring c1 of G1.
Define A2 = A∩ V (G2). If either (1) holds or G[A] has an edge xywhich is no in C2, then G2[A2] has no edge. Thus, assume
that G[A] has an edge xywhich is in C2. By (A1), s ≥ i+ 4 or s = i+ 1. By (2), s ≥ i+ 4. We replace L(w1) by {c(w1), c(u′)}
and L(w2) by {c(w2), c(v′)}. It is easy to check that (A1) and (A2) hold for G2 and A2, that is, G2 and A2 satisfy the hypotheses
of Theorem 2.1. By the minimality of G, the coloring of u′ and v′ can be extended to a list coloring c2 of G2. It follows thatw1
gets the color c2(w1) = c1(w1) andw2 gets the color c2(w2) = c1(w2). Utilizing c1 and c2, we obtain a required list coloring
of G, a contradiction. 
Separating cycles will pay an important role in our proof. The next lemma tells us that there is no 4- nor 5-separating
cycle of G.
Lemma 2.7. G has no separating k-cycle, where k ∈ {4, 5}.
Proof. Suppose otherwise that G has a separating k-cycle D = v1v2v3 . . . vkv1, where k ∈ {4, 5}. Let H be the subgraph of G
obtained from G by deleting all the vertices inside D. By the choice of G, c|{u,v} can be extended to a list coloring c1 of H . We
consider G1 = int(D).
Recall that G is of girth at least 4. When k = 4 or 5, D has no chord. Define A′ as follows. If k = 4, then let A′ = {v3} and
replace L(v3) by {c1(v3), c1(v2)} and L(v4) by {c1(v3), c1(v4), c1(v1)}. By the minimality of Gwith v1, v2 playing the roles as
u, v in G, c1|{v1,v2} can be extended to a list coloring c2 of G1 and hencewe obtain a required list coloring of G, a contradiction.
If k = 5, then let A′ = {v3, v4} and replace L(v3) by {c1(v3), c1(v2)}, L(v4) by {c1(v3), c1(v4)} and L(v5) by
{c1(v4), c1(v5), c1(v1)}. By the minimality of G with v1, v2 playing the roles as u, v and A′ playing the role as A in G, the
coloring of c1(v1) and c1(v2) can be extended to a list coloring c2 of G1. It follows that c2(vl) = c1(vl), 1 ≤ l ≤ 5. Thus, c|{u,v}
can be extended to a required list coloring of G, a contradiction. 
In the following proof, when a subgraph G′ of G and A′ are defined, we change the list assignment L(z) for each vertex
z ∈ A′ − A. In this case, we always mean that the list assignment L(z) for any vertex z ∈ A′ ∩ A remains unchanged. We will
prove that G[A] has no edge in Lemma 2.15. For this purpose, we prove some lemmas first.
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Lemma 2.8. If G[A] has an edge xy, then i ≥ 4.
Proof. Suppose that i = 3. By (A1),m ≥ 5. Define G′ = G−{y, x} and A′ = A∪N(x)∪N(y)−{x, y, v}. Then A′ is a subset of
vertices on the outer face boundary ofG′.We color ywith color c(y) ∈ L(y)−{c(v)} and color xwith color c(x) ∈ L(x)−{c(y)}.
We then replace L(z) by L(z)− {c(x)} for every z ∈ N(x)− {x, y} and by L(z)− {c(y)} for every z ∈ N(y)− {x, v}. By G ∈ G,
L(z) is well defined.
By (A1), x6 6∈ A. If G[N(x) ∪ N(y)] does not contain a 4-cycle, then by Lemma 2.5, G′[A′] is edgeless. By the minimality of
G, c|{u,v} can be extended to a list coloring of G′ and hence we have a list coloring of G, a contradiction.
We then assume that G contains a 4-cycle xq1q2yx, where q1 ∈ N(x) and q2 ∈ N(y). By Lemma 2.5 and by G ∈ G, G′[A′]
contains the only edge q1q2. In this case, q2 6= v.
To verify that q1q2 plays the role in G′ as xy in G, assume that there is a 2-path q2q3q4 where q4 ∈ A′. By Lemma 2.5,
q3 6= q1. By G ∈ G, q4 6∈ N(x3) ∪ N(x4). Thus, q4 ∈ A, contrary to Lemma 2.6. This contradiction implies that q2 can play the
role in G′ as x in G.
By G ∈ G, none of u and v is adjacent to q2. Both G′ and A′ with q2 playing the role of x of G satisfy the hypotheses of
Theorem 2.1. By the minimality of G, c|{u,v} can be extended to a list coloring of G′ and hence c|{u,v} can be extended to a
required list coloring of G, a contradiction. 
In the rest of this paper, when G′[A′] has an edge e, we pay more attention to verify that e can play the role as xy in G
since other hypotheses of Theorem 2.1 are easily verified. The following two lemmas are preparations for Lemma 2.11.
Lemma 2.9. Suppose that G[A] has an edge xy. If G contains a 4-cycle xyxi−1xi+2x, then there is no 3-path xi+3p1p2xi−2 where
p1, p2 ∈ V (G)− V (C).
Proof. Suppose, to the contrary, that such a 3-path exists. By Lemma 2.7, cycle xyxi−1xi+2x is facial. It follows that D =
xi+3p1p2xi−2xi−1xi+2xi+3 is a 6-cycle. By G ∈ G, there is no chord inside of D.
Let G0 be the graph from G by deleting all the vertices inside of D. Let G′ = G0 − {xi−1, y, x, xi+2} and A′ = A − {x, y}.
In this case, G′[A′] has no edge. By the minimality of G, the coloring of u and v can be extended to a list coloring c1 of G′. By
(A1), xi−1, xi+2 6∈ A. We then replace L(xi−1) by L(xi−1)− {c(xi−2)} and L(xi+2) by L(xi+2)− {c(xi+3)}. Thus, for each vertex z
of the 4-cycle yxxi+2xi−1, |L(z)| = 2. By Lemma 2.2, 4-cycle yxxi+2xi−1y is 2-choosable. Combining c1 and the list coloring of
xyxi−1xi+2x, we obtain a required list coloring c2 of G0.
We consider the subgraph H = int(D). Note that the vertices of D are colored. Let H ′ = H − {xi−1, xi−2, xi+2} and
A′′ = (N(xi−1)∪N(xi−2)∪N(xi+2))∩V (H)−{xi−1, xi−2, xi+2, p1, p2}. Replace L(z) by L(z)−{c2(xµ)} if z ∈ N(xµ)−{xi+3}, µ ∈
{i− 1, i− 2, i+ 2} and L(xi+3) = {c2(p2), c2(xi+3)}. By G ∈ G, L(z) is well defined and H ′[A′′] has no edge. By the minimality
of G, c2(p1) and c2(p2) can be extended to a list coloring c3 of H . Clearly, c3(xi+3) = c2(xi+2). Utilizing c2 and c3, we obtain a
required list coloring of G, a contradiction. 
Lemma 2.10. If G[A] has an edge xy, then G has no 4-cycle xyxi−1xi+2x.
Proof. Suppose, to the contrary, that G contains such a 4-cycle xyxi−1xi+2x. By Lemma 2.7, cycle xyxi−1xi+2x is facial. We
consider the following two cases.
Case 1. xi−3 ∈ A or xi−2 ∈ A.
When xi−3 ∈ A, define G′ = G− {xi−2, xi−1, xi+2, x, y} and A′ = A ∪ N(xi−2) ∪ N(xi−1) ∪ N(xi+2)− {x, y, xi−1, xi−2, xi+2}.
xi−3 ∈ A implies that xi−2 6∈ A and hence L(xi−2)−L(xi−3) 6= ∅. We color xi−2 with color c(xi−2) ∈ L(xi−2)−L(xi−3); color xi−1
with color c(xi−1) ∈ L(xi−1)− {c(xi−2)}; color y with color c(y) ∈ L(y)− {c(xi−1)}; color x with color c(x) ∈ L(x)− {c(y)}.
By (A1), xi+2 6∈ A and hence |L(xi+2)| = 3. We color xi+2 with color c(xi+2) ∈ L(xi+2)− {c(x), c(xi−1)}. We then replace L(z)
by L(z)− {c(xj)} if z ∈ N(xj) ∩ A′, j ∈ {i− 1, i− 2, i+ 2}.
When xi−2 ∈ A, define G′ = G − {xi−1, xi+2, x, y} and A′ = A ∪ N(xi−1) ∪ N(xi+2) − {x, y, xi−1, xi+2}. xi−2 ∈ A and
xi−1 6∈ A implies that L(xi−1) − L(xi−2) 6= ∅. We color xi−1 with color c(xi−1) ∈ L(xi−1) − L(xi−2). We color y with color
c(y) ∈ L(y)− {c(xi−1)}, color x with color c(x) ∈ L(x)− {c(y)}. We color xi+2 with color c(xi+2) ∈ L(xi+2)− {c(x), c(xi−1)}
since xi+2 6∈ A. We then replace L(z) by L(z)− {c(xj)} if z ∈ N(xj) ∩ A′, j ∈ {i− 1, i+ 2}.
In both cases, by G ∈ G, L(z) is well defined. If xi+4 6∈ A, then G′[A′] contains no edge. Otherwise, by G ∈ G, G′[A′] contains
the only edge xi+3xi+4.
If xi+3xi+4 is the only edge of G′[A′], then we need to verify that xi+3xi+4 plays the role in G′ as xy in G; that is, we need to
check that there is no 2-path from xi+3 to any vertex of A′. If such a 2-path xi+3q3q4 exists, then by Lemma 2.5, q4 ∈ A′−A. By
G ∈ G, q4 6∈ N(xi+2) and q4 6∈ N(xi−1). It implies that q4 ∈ N(xi−2), which contradicts Lemma 2.9. This contradiction implies
that there is no 2-path from xi+3 to any vertex of A′. By Lemma 2.4, none of u and v is adjacent to xi+3 and hence (A2) holds.
The minimality of G shows that c|{u,v} can be extended to a list coloring of G′. Thus, we obtain a required list coloring of G, a
contradiction.
Case 2. xi−3 6∈ A and xi−2 6∈ A.
Define G′ = G − {x, y} and A′ = A ∪ {xi−1, xi+2}. We color y with color c(y) ∈ L(y) and color x with color c(x) from
L(x)− {c(y)}. Replace L(xi−1) by L(xi−1)− {c(y)} and L(xi+2) by L(xi+2)− {c(x)}. By (A1) and Lemma 2.7, xi−1xi+2 is the only
edge of G′[A′]. By Lemma 2.5, there is no 2-path from xi−1 to any vertex of A′. By Lemma 2.4, none of u and v is adjacent to
xi−1 and hence (A2) holds. By the minimality of Gwith xi−1 playing the role of x of G, c|{u,v} can be extended to a list coloring
of G′ and hence c|{u,v} can be extended to a required list coloring of G, a contradiction. 
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Lemma 2.11. If G[A] has an edge xy, then xi−2 ∈ A and hence i ≥ 5.
Proof. To the contrary, suppose that xi−2 6∈ A. Define G′ = G − {x, y} and A′ = A ∪ N(x) ∪ N(y) − {x, y}. We color y with
color c(y) ∈ L(y) and color xwith color c(x) ∈ L(x)− {c(y)}. We then replace L(z) by L(z)− {c(x)} if z ∈ N(x)− A and L(z)
by L(z)−{c(y)} if z ∈ N(y)− A. By G ∈ G, L(z) is well defined. By (A1), xi+3 6∈ A′ and xi−1 6∈ A. If G has no 4-cycle containing
both x and y, then by Lemma 2.5 and (A1), G′[A′] has no edge. By theminimality of G, c|{u,v} can be extended to a list coloring
c1 of G′. By using c1 and the coloring of x and y, we get a required list coloring of G, a contradiction.
Assume then that G contains a 4-cycle xq1q2yx, where q1 ∈ N(x) and q2 ∈ N(y). By Lemma 2.5 and G ∈ G, G′[A′] contains
the only edge q1q2.
We first suppose that q2 6= xi−1. To apply the hypothesis to G′ and A′, we need to verify that q1q2 plays the role in G′ as
xy in G; that is, we need to check that there is no 2-path from q2 to any vertex in A′. Suppose, to the contrary, that there is
a 2-path q2q3q4, where q4 ∈ A′. By Lemma 2.5 and G ∈ G, q3 6= q1. By G ∈ G, q4 ∈ A − N(x) ∪ N(y), which contradicts
Lemma 2.6. Thus, q1q2 can play a role in G′ as xy in G. By Lemma 2.5, none of u and v is adjacent to q2 and hence (A2) holds.
By the choice of G with q2 playing the role of x of G, c|{u,v} can be extended to a list coloring of G′ and hence c|{u,v} can be
extended to a list coloring of G, a contradiction.
Next, we suppose that q2 = xi−1. By Lemma 2.10, q1 6= xi+2. In this case, we verify that q1 can play the role as x in G. For
this goal, we need to check that there is no 2-path from q1 to any vertex of A′. Suppose, to the contrary, that there is a 2-path
q1q5q6, where q6 ∈ A′. As the proof above, by Lemma 2.6, q6 ∈ {x3, . . . , xi−3} ∩ A′.
Let Q = xi−1q1q5q6, let C1 be the cycle in C ∪ Q containing both u, v and x, y, C2 the cycle in C ∪ Q containing without
u, v nor x, y. Define Gi = int(Ci), i = 1, 2. Let A1 = A∩ V (G1). By the minimality of G, we can extend c|{u,v} to a list coloring
c1 of G1.
Let A2 = (A ∩ V (G2)) ∪ {xi−1}. It is clear that G2[A2] contains no edge. We replace L(xi−1) by {c1(xi−1), c1(q1)} and L(q6)
by {c1(q5), c1(q6)}. By the minimality of G, c1|{q1,q5} can be extended to a list coloring c2 of G2. It follows that xi−1 gets the
color c2(xi−1) = c1(xi−1) and q6 gets the color c2(q6) = c1(q6). Using c1 and c2, we get a required list coloring of G, a
contradiction. 
The following three lemmas will be used in the proof of Lemma 2.15.
Lemma 2.12. Suppose that G[A] has an edge xy. Then each of the following holds:
(i) There is no 3-path xi+2u′v′xj for j ∈ {i + 4, . . . ,m} where u′, v′ ∈ V (G) − V (C) and xj ∈ A. There is no 2-path xi+2u′xj
for j ∈ {i+ 4, . . . ,m, 1} where u′ ∈ V (G)− V (C) and xj 6∈ A.
(ii) Suppose that u′xi+2xyxi−1u′ is a 5-cycle, where u′ ∈ V (G)−V (C). Then there is no 3-path xi−1u′v′xj for j ∈ {3, . . . , i−4}
where u′, v′ ∈ V (G) − V (C) and xj ∈ A and there is no 2-path xi−1u′xj for j ∈ {2, 3, . . . , i − 4} where u′ ∈ V (G) − V (C) and
xj 6∈ A.
Proof. (i) Suppose, to the contrary, that such a 3-path P = xi+2u′v′xj exists. Let C1 be the cycle in C ∪ P containing u′v′ and
xy and let C2 the cycle in C ∪P containing u′v′ but not xy. Define Gi = int(Ci), i = 1, 2. Let A1 = A∩V (G1). By theminimality
of G, we can extend c|{u,v} to a list coloring c1 of G1.
Let A2 = (A∩V (G2))∪{xi+2}. By (A1), xi+3 6∈ A and hence G2[A2] contains no edge.We replace L(xi+2) by {c1(xi+2), c1(u′)}
and L(xj) by {c1(xj), c1(v′)}. By the minimality of G, c1|{u′,v′} can be extended to a list coloring c2 of G2. It follows that xi+2
gets the color c2(xi+2) = c1(xi+2) and xj gets the color c2(xj) = c1(xj). Using c1 and c2, we get a required list coloring of G, a
contradiction.
The proof is similar for the case that there is no 2-path xi+2u′xj for j ∈ {i+ 4, . . . ,m}where u′ ∈ V (G)−V (C) and xj 6∈ A.
(ii) Suppose, to the contrary, that such a 3-path P1 = xi−1u′v′xj exists. In this case, by G ∈ G, G has no 4-cycle containing
xi+2xi+3. Define G′ = G − {y, x, xi+2} and A′ = A ∪ N(xi+2) − {x, y}. We color xi+2 with a color c(xi+2) ∈ L(xi+2) − L(x).
Replace L(z) by L(z)− {c(xi+2)} if z ∈ N(xi+2). By G ∈ G, L(z) is well defined. Clearly, G′[A′] contains the only edge xi+3xi+4.
To verify that xi+3xi+4 plays the role as xy in G, we show that there is no 2-path from xi+3 to any vertex of A′. In fact, by G ∈ G,
there is no 2-path from xi+3 to u′. By Lemma 2.5, there is no 2-path from xi+3 to any vertex of A′ − {u′}. By Lemma 2.4, none
of u and v is adjacent to xi+3. By theminimality of G, c|{u,v} can be extended to a list coloring c1 of G′. By Lemma 2.7, the cycle
u′xi+2xyu′ is facial. We then color ywith a color c(y) ∈ L(y)−{c1(xi−1)} and color xwith color c(x) ∈ L(x)−{c1(y)}. Clearly,
c1(x) 6= c(xi+2). We thus obtain a required list coloring of G, a contradiction.
The proof is similar for the case that there is no 2-path xi−1u′xj for j ∈ {2, 3, . . . , i − 4} where u′ ∈ V (G) − V (C) and
xj 6∈ A. 
Lemma 2.13. Suppose that G[A] has an edge xy and G contains no 4-cycle containing both x and y. Then G has no 5-cycle
xi−1q1q2xi+1xixi−1, where q2 ∈ N(xi−1) and q1 ∈ N(xi+1).
Proof. Suppose, to the contrary, that such a 5-cycle xi−1q1q2xyxi−1 exists. Define G′ = G−{xi−1, x, y} and A′ = A∪N(xi−1)∪
N(x) ∪ N(y) − {xi−1, x, y}. By Lemma 2.11 and (A1), xi−1 6∈ A and xi−2 ∈ A and hence L(xi−1) − L(xi−2) 6= ∅. We color xi−1
with color c(xi−1) ∈ L(xi−1)− L(xi−2); color ywith color c(y) ∈ L(y)− {c(xi−1)} and color xwith color c(x) ∈ L(x)− {c(y)}.
We then replace L(z) by L(z)− {c(λ)} for every vertex z ∈ (A′ − A) ∩ N(λ)− {xi−1, y, x}, λ ∈ {xi−1, x, y}. By G ∈ G, L(z) is
well defined.
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By Lemma 2.7, 5-cycle q1q2xi−1yxq1 is facial. By Lemma 2.3, q2 6= xi−2. By G ∈ G, (A1) and Lemma 2.7, q1q2 is the only
edge in G′[A′]. If there is no 2-path q1q3q4, where q4 ∈ A′, then by theminimality of Gwith q1 playing the role as x in G, c|{u,v}
can be extended to a list coloring c1 of G′. Thus, we obtain a required list coloring of G, a contradiction.
Thus, G′ has a 2-path q1q3q4 for q3 ∈ V (G) and q4 ∈ A′. We claim that q2 6= q3. Suppose otherwise that q2 = q3. By
G ∈ G, q4 6∈ N(xi−1) ∪ N(xi+1). Thus, q4 ∈ A. Assume that q4 ∈ {xi+2, xi+3, . . . , xm} ∩ A. If q1 6= xi+2, then xi+1q1q3q4 is a
3-path with xi+1, q4 ∈ A, which contradicts Lemma 2.6; if q1 = xi+2, then q1q2q4 is a 2-path with q4 ∈ A, which contradicts
Lemma 2.5. Thus, q4 ∈ {x3, x4, . . . , xi−3}∩A. Then xi−1q2q4 is a 2-path with q4 ∈ A, which contradicts Lemma 2.5. Therefore,
we conclude that q3 6= q2.
By G ∈ G, q4 6= q2 and q4 6∈ N(x). Since q1q2xi−1yxq1 is facial, q4 6∈ N(y). If q4 ∈ N(xi−1) − q2, then G has two 5-cycles
xi−1yxq1q2xi−1 and xi−1q4q3q1q2xi−1. By Lemma 2.7, d(q2) = 2, which contradicts Lemma 2.3. Thus, q4 ∈ A. By Lemmas 2.4–
2.6, q1, q3 ∈ V (C) and hence q1 = xi+2, q3 = xi+3 and q4 = xi+4.
Recall that q2 6= xi−2. To verify that q2 can play the role in G′ as x in G, we assume that G′ has a path q2q5q6 where q6 ∈ A′.
Since xi+1q2xi+2xyxi−1 is facial, q5 does not lie in the interior of this cycle. Thus, q6 6∈ N(x)∪N(y). Since G ∈ G, q6 6∈ N(xi−1).
Hence q6 ∈ A − {xi−2, x, y}. When q6 ∈ A ∩ {x2, x3, . . . , xi−4}, it contradicts Lemma 2.12. Thus, q6 ∈ A ∩ {xi+4, . . . , xm}. In
this case, we get a 3-path q1q2q5q6, where q1 = xi+2, q6 ∈ A, which contradicts Lemma 2.12 again. Since xi−3 6∈ A, q6 6= xi−3.
This contradiction proves that there is no 2-path from q2 to a vertex of A′ in G′. By Lemma 2.12, none of u and v is adjacent to
q2 and hence (A2) holds. By the minimality of G, c|{u,v} can be extended to a list coloring of G′ and hence c|{u,v} to a required
list coloring of G, a contradiction. 
Lemma 2.14. Suppose that G[A] has an edge xy and G contains no 4-cycle containing both x and y. Then G has no 4-cycle
xi−1q2q1xixi−1, where q2 ∈ N(xi−1) and q1 ∈ N(xi).
Proof. To the contrary, suppose that G contains such a 4-cycle xi−1q2q1xixi−1. By Lemmas 2.7 and 2.3, q2 6= xi−2. By our
assumption, q1 6= xi+1. Thus, q2 6= xi−2 and q1 6= xi+1.
DefineG′ = G−{xi−1, x, y} andA′ = A∪N(xi−1)∪N(x)∪N(y)−{xi−1, x, y}. By Lemma2.11 and (A1), xi−1 6∈ A and xi−2 ∈ A.
Thus, we color xi−1 with color c(xi−1) ∈ L(xi−1) − L(xi−2), color y with color c(y) ∈ L(y) − {c(xi−1)} and color x with color
c(x) ∈ L(x)−{c(y)}.We then replace L(z) by L(z)−{c(λ)} for every vertex z ∈ (A′−A)∩(N(λ)−{xi−1, y, x}), λ ∈ {xi−1, y, x}.
By G ∈ G, L(z) is well defined. By G ∈ G, G′[A′] contains only one edge q1q2.
To verify that q1 can play the role as x in G, assume that there is a 2-path q1q3q4, where q4 ∈ A′. By G ∈ G and Lemmas 2.3
and 2.7, q4 6∈ N(xi+1) ∪ N(xi) ∪ N(xi−1). Thus, q4 ∈ A, which contradicts Lemma 2.6. By Lemma 2.5, none of u and v is
adjacent to q1 and hence (A2) holds. By the minimality of G, c|{u,v} can be extended to a list coloring c1 of G′. By using c1 and
the coloring of xi−1, x and y, c|{u,v} can be extended to a required list coloring of G, a contradiction. 
Lemma 2.15. G[A] has no edge.
Proof. Suppose, to the contrary, that G[A] has an edge xy. We consider the following two cases.
Case 1. G contains no 4-cycle containing both x and y.
LetG′ = G−{xi−1, x, y} andA′ = A∪N(xi−1)∪N(x)∪N(y)−{xi−1, x, y}.We color xi−1with color c(xi−1) ∈ L(xi−1)−L(xi−2)
since xi−1 6∈ A and xi−2 ∈ A, color y with color c(y) ∈ L(y)− {c(xi−1)} and color x with color c(x) ∈ L(x)− {c(y)}. We then
replace L(z) by L(z)− {c(xj)} for every vertex z ∈ (A′ − A) ∩ N(xj)− {xi−1, y, x}, j ∈ {i− 1, i, i+ 1}. Since G has no 4-cycle
containing both x and y, L(z) is well defined. By Lemmas 2.13 and 2.14, G′[A′] contains no edge. By the choice of G, c|{u,v} can
be extended to a list coloring of G′ and hence we obtain a required list coloring of G, a contradiction.
Case 2. G contains a 4-cycle xq1q2yx.
Suppose that q2 6= xi−1. Let G′ = G−{xi−1, y, x} and A′ = A∪N(xi−1)∪N(y)∪N(x)−{xi−1, y, x}. We color xi−1 with color
c(xi−1) ∈ L(xi−1)− L(xi−2) since xi−2 ∈ A, xi−1 6∈ A and L(xi−1)− L(xi−2) 6= ∅; color ywith color c(y) ∈ L(y)− {c(xi−1)} and
color xwith color c(x) ∈ L(x)−{c(y)}. Replace L(z) by L(z)−{c(xj)} for every vertex z ∈ (A′−A)∩N(xj), j ∈ {i−1, i, i+1}.
By G ∈ G, L(z) is well defined for all z ∈ V (G′)− {u, v}. By (A1), xi+3 6∈ A. By Lemmas 2.4 and 2.5 and G ∈ G, G′[A′] has the
only edge q1q2.
To verify that q2 can play the role in G′ as x in G, assume that G′ has a 2-path q2q3q4 where q4 ∈ A′. By G ∈ G,
q4 6∈ N(xi−1) ∪ N(y) ∪ N(x). Thus, q4 ∈ A.
We claim that q1 6= q3, Suppose otherwise that q1 = q3. If q1 = xi+2, then G contains a chord q1q4, which contradicts
Lemma 2.3. Thus, q1 6= xi+2. If q4 ∈ {xi+4, xi+5, . . . , xm} ∩ A, then xi+1q1q4 is a 2-path with xi+1, q4 ∈ A, which contradicts
Lemma 2.5; if q4 ∈ {x3, x4, . . . , xi−2} ∩ A, then xiq2q3q4 is a 3-path with xi, q4 ∈ A, which contradicts Lemma 2.6.
Thus, q1 6= q3. In this case, G contains a 3-path xiq2q3q4 with xi, q4 ∈ A, which contradicts Lemma 2.5. This means that
q2 can play the role in G′ as x in G. By Lemma 2.4, none of u and v is adjacent to q2 and hence (A2) holds. By the minimality
of G, c|{u,v} can be extended to a list coloring of G′ and hence c|{u,v} can be extended to a list coloring of G, a contradiction.
Thus, q2 = xi−1. By Lemma2.10, q1 6= xi+2. LetG′ = G−{xi−1, y, x, q1} andA′ = A∪N(xi−1)∪N(x)∪N(q1)−{xi−1, x, y, q1}.
We color xi−1 with color c(xi−1) ∈ L(xi−1) − L(xi−2), color y with color c(y) ∈ L(y) − {c(xi−1)}, color x with color
c(x) ∈ L(x) − {c(y)} and color q with color c(q1) ∈ L(q1) − {c(xi−1), c(x)}. Replace L(z) by L(z) − {c(λ)}, where
λ ∈ {xi−1, q1, x}, z ∈ N(λ)− A. By G ∈ G, L(z) is well defined for all z ∈ V (G′)− {u, v}.
By Lemmas 2.5, 2.6 and 2.12 and G ∈ G, G′[A′] is edgeless. By the minimality of G, c|{u,v} can be extended to a list coloring
of G′ and hence we get a required list coloring of G, a contradiction. 
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By Lemma 2.15, G[A] has no edge. We now observe the vertices of G[A]. Lemma 2.17 tells us that x3 6∈ A and Lemma 2.18
shows that x4 ∈ A. In order to prove Lemma 2.17, we prove the next lemma as a preparation.
Lemma 2.16. Suppose that x3 ∈ A. For each j ∈ {2, 3, . . . , bm−12 c}, the following statements hold:
(1) x2j+1 ∈ A; and
(2) G contains 4-cycles x2j−1q2j−1q2jx2jx2j−1, where q2j−1, q2j ∈ V (G)− V (C).
Proof. Since x3 ∈ A, by Lemma 2.15, x4 6∈ A. Thus, we define a subset I of integers as follows. l ∈ I if and only if (1) when
l ≥ 2, x2l−1 ∈ A and x2l 6∈ A implies x2l+1 ∈ A; (2) G contains 4-cycles x2l−1q2l−1q2lx2lx2l−1, where q2l−1, q2l ∈ V (G)− V (C).
It is clear that if for all l ≥ 2, l ∈ I, then x3 ∈ A, x4 6∈ A, x5 ∈ A, . . . , x2l−1 ∈ A, x2l 6∈ A, x2l+1 ∈ A and G contains 4-cycles
x3q3q4x4x3, x5q5q6x6x5, . . . , x2l−1q2l−1q2lx2lx2l−1, where q3, q4, . . . , q2l−1, q2l ∈ V (G)− V (C).
WeproveI = {2, 3, . . . , bm−12 c} by induction.We first show that 2 ∈ I. If not, then one of the following holds: (1) x5 6∈ A;
or (2)Gdoes not contain a 4-cycle x3q3q4x4x3, where q3, q4 ∈ V (G)−V (C).We defineG′ = G−x3 andA′ = A∪N(x3)−{x3, v}.
We color x3 with color c(x3) ∈ L(x3) − {c(x2)} and replace L(z) by L(z) − {c(x3)}, where z ∈ N(x3) − x2. Clearly, L(z) is
well defined. When x5 6∈ A, G′[A′] has no edge. When x5 ∈ A, G′[A′] contains the only edge x4x5. Note that G has no 4-cycle
x3q3q4x4x3, where q3, q4 ∈ V (G)−V (C). By Lemma 2.5, there is no 2-path from x4 to any vertex of A′. By Lemma 2.4, none of
u and v is adjacent to x4 and hence (A2) holds. x4 can play the role as x in G. This means that G′ and A′ satisfy the hypotheses
of Theorem 2.1. For both cases, by the choice of G, c|{u,v} can be extended to a list coloring of G′. Thus, we obtain a list coloring
of G. This contradiction shows that 2 ∈ I.
Suppose that k ∈ I, for k ≥ 2 and k 6= bm−12 c, that is, x2k+1 ∈ A and G contains 4-cycles x2k−1q2k−1q2kx2kx2k−1.
Next, we wish to show that k + 1 ∈ I. Suppose, to the contrary, that k + 1 6∈ I. Then x2k+3 6∈ A or G does not contain a
4-cycle x2k+1q2k+1q2k+2x2k+2x2k+1, where q2k+1, q2k+2 ∈ V (G)− V (C).
Define G′ = G − {x2k, x2k+1} and A′ = A ∪ N(x2k) ∪ N(x2k+1) − {x2k, x2k+1}. In this case, we color x2k with color
c(x2k) ∈ L(x2k) − L(x2k−1) since x2k 6∈ A and x2k−1 ∈ A and hence L(x2k) − L(x2k−1) 6= ∅, color x2k+1 with color
c(x2k+1) ∈ L(x2k+1) − {c(x2k)}. Replace L(z) by L(z) − {c(xµ)} if z ∈ N(xµ) − {x2k, x2k+1}, µ ∈ {2k, 2k + 1}. By G ∈ G,
L(z) is well defined.
When x2k+3 6∈ A, by Lemma 2.6 and G ∈ G, G′[A′] contains no edge. By the choice of G, c|{u,v} can be extended to a list
coloring of G′ and hence we get a required list coloring of G. This contradiction implies that k+ 1 ∈ I.
When x2k+3 ∈ A, by Lemma 2.6 and G ∈ G, G′[A′] contains the only edge x2k+2x2k+3. Then G does not contain a 4-cycle
containing the edge x2k+1x2k+2. By G ∈ G and Lemma 2.5, there is no 2-path from x2k+2 to any vertex of A′. By Lemma 2.4,
none of u and v is adjacent to x3k+2 and hence (A2) holds. By the choice of Gwith x2k+2 playing the role as x in G, c|{u,v} can
be extended to a list coloring of G′. Thus, we obtain a list coloring of G and also conclude that k+ 1 ∈ I. 
Lemma 2.17. x3 6∈ A.
Proof. Suppose, to the contrary, that x3 ∈ A. Lemma 2.15 shows x4 6∈ A. By Lemma 2.16, for each j ∈ {2, . . . , bm−12 c},
x2j+1 ∈ A and G contains 4-cycles x2j−1q2j−1q2jx2jx2j−1, where q2j−1, q2j ∈ V (G)− V (C).
Ifm is odd, xm ∈ A. By symmetry, by Lemmas 2.15 and 2.16 and G ∈ G, we get a contradiction. Thus,m is even. It follows
that xm−1 ∈ A and xm 6∈ A. LetG′ = G−{xm−1} and A′ = A∪N(xm−1)−{xm−1}. Replace L(z) by L(z)−{c(xm−1)} if z ∈ N(xm−1).
By G ∈ G, L(z) is well defined. We color xm−1 with color c(xm−1) ∈ L(xm−1). By Lemma 2.16 and G ∈ G, G′[A′] contains the
only edge xm−2xm−3. By G ∈ G and Lemma 2.5, there is no 2-path from xm−2 to any vertex of A′. By Lemma 2.4, none of u and
v is adjacent to xm−2 and hence (A2) holds. Thus, by the minimality of G, c|{u,v} can be extended to a list coloring of G′ and
hence we get a required list coloring, a contradiction. 
Lemma 2.18. x4 ∈ A.
Proof. Suppose, to the contrary, that x4 6∈ A. By Lemma 2.17, x3 6∈ A. When x5 ∈ A, let G′ = G − {x4} and A′ = A ∪ N(x4).
We color x4 with color c(x4) ∈ L(x4) − L(x5) since x4 6∈ A, x5 ∈ A and L(x4) − L(x5) 6= ∅. Replace L(z) by L(z) − {c(x4)} if
z ∈ N(x4). When x5 6∈ A, let G′ = G−{x3} and A′ = A∪N(x3)−{x2}. We color x3 with color c(x3) ∈ L(x3)−{c(x2)}. Replace
L(z) by L(z) − {c(x3)} if z ∈ N(x3). For both cases, L(z) is well defined. By Lemma 2.5, G′[A′] is edgeless. By the minimality
of G, c|{u,v} can be extended to a list coloring of G′ and hence we get a required list coloring of G, a contradiction. 
Lemma 2.19. If |V (C)| ≥ 6 and x6 ∈ A, then G has no 4-cycle x4q1q2x5x4, where q1, q2 ∈ V (G)− V (C).
Proof. Suppose, to the contrary, that G contains such a 4-cycle. By Lemmas 2.15, 2.17 and 2.18, x3, x5 6∈ A and x4 ∈ A. By
Lemmas 2.3 and 2.7, q2 6= x6.
Define G′ = G − {x4, x5} and A′ = A ∪ N(x4) ∪ N(x5) − {x4, x5}. Since x6 ∈ A, x5 6∈ A and L(x5) − L(x6) 6= ∅, we
color x5 with color c(x5) ∈ L(x5) − L(x6) and color x4 with color c(x4) ∈ L(x4) − {c(x5)}. Replace L(z) by L(z) − {c(xj)} if
z ∈ N(xj), 4 ≤ j ≤ 5. By G ∈ G, L(z) is well defined. By G ∈ G and Lemma 2.5, G′[A′] contains the only edge q1q2.
Suppose that q1 6= x3. By Lemma 2.6, there is no 2-path from q1 to any vertex of A′. By Lemma 2.5 and G ∈ G, none of u
and v is adjacent to q1. Thus, by the choice of G, c|{u,v} can be extended to a list coloring of G′ and hence we get a required
list coloring of G, a contradiction.
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Thus, q1 = x3. By Lemma 2.7, the cycle x3x4x5q2x3 is facial. We claim there is no 2-path from q2 to any vertex of A′.
Suppose otherwise that there exist 2-paths q2yjixji , where j1 < j2 < · · · < jt , xji ∈ A. Define G′ = G − {x3, x4, x5, q2} and
A′ = A ∪ N(x3) ∪ N(x4) ∪ N(x5) ∪ N(q2)− {v, x3, x4, x5, q2}. We color x5 with color c(x5) ∈ L(x5)− L(x6) since x5 6∈ A and
x6 ∈ A; color x4 with color c(x4) ∈ L(x4)− {c(x5)}; color x3 with color c(x3) ∈ L(x3)− {c(x4), c(v)} and color q2 with color
c(q2) ∈ L(q2)− {c(x5), c(x3)}. We replace L(z) by L(z)− {c(λ)}, where λ ∈ {x3, q2, x5}. By G ∈ G, L(z) is well defined.
Suppose that the outer face boundary of G′ is x6x7 · · · xmx1x2ynyn−1 · · · y1x6. Let H1 be the subgraph of G′
with outer face boundary xjt xji+1 · · · xmx1x2yn · · · yjt xjt , let Hk be the subgraph of G′ with outer face boundary
xjt−k+1xjt−k+1+1 · · · xjt−k+2yjt−k+2 · · · yjt−k+1xjt−k+1 for k = 2, . . . , t − 1, let Ht be the subgraph of G′ with outer face boundary
x6x7 · · · xj1yj1yj1−1 · · · x6.
Observe H1. Let B1 = V (H1) ∩ A′. Then H1[B1] contains the only edge yjt xjt . By Lemma 2.6, there is no 2-path from yjt to
any vertex of B1. Hence yjt can play the role as x in G. By the choice of G, c|{u,v} can be extended to a list coloring c1 of H1.
Next, let yjt xjt play the role as uv in G and yjt−1xjt−1 play the role as xy in G. By the choice of G, the coloring of xjt and yjt can
be extended to a list coloring c2 of H2. Keep going this way until Ht . Ht [V (Ht)∩A′] contains no edge. Thus, by the choice of G,
the coloring of xj1 and yj1 can be extended to a list coloring ct ofHt . Combining c1, c2, . . . , ct and the coloring of x3, x4, x5, q2,
we get a required list coloring of G, a contradiction.
Thus, q2 can play the role as x in G. By Lemma 2.5 and G ∈ G, none of u and v is adjacent to q2. By the minimality of G
with q2 playing the role as x in G, c|{u,v} can be extended to a list coloring of G′ and hence we get a required list coloring of
G, a contradiction. 
Lemmas 2.15, 2.17 and 2.18 tell us that x3, x5 6∈ A and x4 ∈ A. We are ready to complete our proof of Theorem 2.1.
Proof of Theorem 2.1. We first claim that |V (C)| ≥ 6 and x6 ∈ A. Suppose that x6 6∈ A or |V (C)| ≤ 5. By Lemmas 2.15,
2.17 and 2.18, x3 6∈ A and x4 ∈ A. Also x5 6∈ A if x5 exists. Define G′ = G− {x4} and A′ = A ∪ N(x4)− {x4}. We color x4 with
color c(x4) ∈ L(x4). Replace L(z) by L(z) − {c(x4)} if z ∈ (A′ − A) ∪ N(x4). By G ∈ G, L(z) is well defined. By Lemma 2.5,
G′[A′] is edgeless. By the choice of G, c|{u,v} can be extended to a list coloring of G′. Thus, we get a required list coloring of G,
a contradiction.
We thus assume that |V (C)| ≥ 6 and x6 ∈ A. Define G′ = G− {x4, x5} and A′ = A∪ N(x4)∪ N(x5)− {x4, x5}. We color x5
with color c(x5) ∈ L(x5)− L(x6) since x6 ∈ A, x5 6∈ A and L(x5)− L(x6) 6= ∅ and color x4 with color c(x4) ∈ L(x4)− {c(x5)}.
Replace L(z) by L(z)− {c(xj)} if z ∈ N(xj), 4 ≤ j ≤ 5. By G ∈ G, L(z) is well defined.
By Lemma 2.19, G does not contain a 4-cycle containing both x4 and x5. By Lemma 2.5 and G ∈ G, G′[A′] is edgeless. By the
minimality of G, c|{u,v} can be extended to a list coloring of G′ and hence we get a required list coloring of G, a contradiction.
The proof of Theorem 2.1 is complete. 
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